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Abstract 

Further properties of a recently proposed higher order infinite spin 
particle model are derived. Infinitely many classically equivalent but 
different Hamiltonian formulations are shown to exist. This leads to 
a condition of uniqueness in the quantization process. A consistent 
covariant quantization is shown to exist. Also a recently proposed 
super symmetric version for half-odd integer spins is quantized. 

A general algorithm to derive gauge invariances of higher order La- 
grangians is given and applied to the infinite spin particle model, and 
to a new higher order model for a spinning particle which is proposed 
here, as well as to a previously given higher order rigid particle model. 
The latter two models are also covariantly quantized. 
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1 Introduction 



Lagrangian theories with higher order derivatives are plagued by several prob- 
lems within quantum theory. The common wisdom is that one either has an 
energy with no ground level or unphysical ghosts in the spectrum. (However, 
ways out have been suggested [1,2].) We expect the situation for higher or- 
der gauge theories to be better. Particularly for reparametrization invariant 
theories with a vanishing Hamiltonian. Indeed, recently Savvidy [3] (see 
also [4-6]) has e.g. given a higher order string model which at least at the 
free level seems to lead to a consistent quantum theory. In a recent paper [7] 
we have together with Per Salomonson given a higher order model for a free 
infinite spin particle from Wigner's continuous spin representation which we 
believe should be consistent at the quantum level. Although it remains a lot 
to do it seems as if there is still hope for the possibility of a fully fledged 
consistent interacting higher order quantum theory. 

In [7] we derived a higher order particle model from Wigner's continuous 
spin representation, also called the infinite spin representation or Wigner's 
S-representation [8-10]. (The continuous spin representation is also consid- 
ered in [5, 11-13].) By means of the standard Ostrogradski method [14] we 
constructed a Hamiltonian formulation by means of which we quantized the 
theory by a generalized Gupta-Bleuler method. However, although the re- 
sult contained fields with arbitrary large spins it was not so easily interpreted 
due to the presence of a dynamical einbein variable. Here we show that this 
Gupta-Bleuler method is inconsistent with a uniqueness condition proposed 
here. Instead we give what we think is the correct, consistent covariant 
quantization. 

In this communication we also throw more light on the quantization pro- 
cedure of higher order (gauge) theories in general. In order to quantize a 
higher order Lagrangian theory we must at present be able to reformulate 
it as a standard Hamilton (Dirac) theory. Ostrogradski's old method [14] is 
the standard procedure and is best formulated as a procedure to rewrite the 
higher order Lagrangian by means of auxiliary variables introduced by means 
of Lagrange multipliers [15,16]. This equivalent first order Lagrangian may 
then be transformed into a Hamiltonian formulation in the usual sense, or to 
be more precise in the sense of Dirac's treatment of singular Lagrangians [17]. 
It has been pointed out that this procedure may be applied to any higher 
order Lagrangian, regular or singular [18]. This is true. However, this pro- 
cedure is ambiguous since a higher order Lagrangian may be rewritten as a 
first order one by means of auxiliary variables that may be defined in many 
different ways. In particular, we are not bound to follow Ostrogradski's sug- 
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gestion. (An early general departure is given in [19].) For the higher order 
infinite spin particle model we explicitly construct an infinite set of different 
first order Lagrangians in this way. Although the corresponding Hamiltonian 
formulations are different they are all consistent with Wigner's continuous 
spin representation. However, their differences imply in principle different 
quantizations. In fact, for the infinite spin particle we find that the Gupta- 
Bleuler method used for the Ostrogradski formulation in [7] does not apply 
to the other formulations. Instead, we give here a consistent solution for a 
Dirac quantization which yields the same physical result for all formulations 
considered. Classically the different Hamiltonian formulations are related by 
canonical transformations and are equivalent. 

We also formulate a general procedure to derive the gauge invariances of 
higher order gauge theories by means of the inverse Noether theorem. This 
procedure is based on a Hamiltonian formulation (cf [20]) and for the infinite 
spin particle model we explicitly demonstrate that the same result is obtained 
irrespective of which Hamiltonian formulation is used. 

We also propose a new higher order particle model consistent with the 
reducible, massless higher spin representation. We analyze its constraint 
structure and derive its gauge invariances as well as propose a covariant 
quantization. 

In an appendix we also analyze the classical properties of a related rigid 
particle model [21] which we also covariantly quantize in the text. In an- 
other appendix we finally formulate our classical procedures and quantum 
conditions in more general terms. 

2 Generalized derivation of the higher order 
model for the infinite spin particle 

When Wigner [8,9] classified representations of the Poincare group, he inves- 
tigated the two Poincare invariants p^ and w^w^ where is the Pauli- 
Lubanski vector defined by 



where m^ v and p M are the Poincare generators and e^ vpa the totally antisym- 
metric tensor. If p^ is the four momentum of the particle, p^p 1 * 1 is minus the 
mass squared (p 2 = —m 2 ) for our choice of spacelike Minkowski metric. For 
irreducible representations we have then w 2 = m 2 s(s + 1), where s is the 
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spin of the particle. For massless particles Wigner showed that apart from 
the natural representations, p 2 = w 2 = 0, there are representations for which 
p 2 = but w 2 = H 2 , where H is a real, positive constant. These represen- 
tations were called the continuous spin representation in [9] and the infinite 
spin representation in [10]. Wigner showed that it contains all helicities from 
— oo to oo. In [9] two representations were given in terms of covariant field 
equations: one for integer spins denoted 0(H), and one for half-odd integer 
spins denoted 0'(H). 

Wigner's H-representation is a massless representation with p 2 = and 
w^w^ = H 2 . In quantum theory these constraints may be formulated in terms 
of operators acting on a physical state |phys) as follows (Dirac quantization) 

p 2 |phys) = 0, 
K^-H 2 )|phys> = 0. (2.2) 

Following Wigner we let the particle be described in terms of the coordinates 
with conjugate momenta p^, and an internal vector £ M with conjugate 
momenta 7r M . These coordinates obey the commutation relations (the non- 
zero part): 

[^,Pu]=i5S, *„] = (2-3) 

In [7,9,10] the conditions in (2.2) were solved by means of two minimal sets 
of elementary constraints. They are Xj|phys) = 0, Vi = 1, 2, 3, 4, where either 
(the notation is in accordance with [7] except for the sign of X3 in (2-4)) 

Xi = \p\ X 2 = l(n 2 -F 2 ), 

X3 = -P-K, X4=P-£-j;- 

or 

xi = ^ 2 , X2 = \{e-F 2 ), 

X3=P-£, X4=P-7T-^- (2.5) 

F is a non-zero real constant (It may also be an operator commuting with 
x ^,P/j,i £ M > 7T/i- See next section.) 

In [7] the expressions in (2.4) and (2.5) were used to construct reparametriza- 
tion invariant models for the infinite spin particle through the following 
ansatz for the Hamiltonian: 

H = AiXi + A2X2 + A3X3 + A4X4, (2.6) 



(2.4) 
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where Aj are Lagrange multipliers and Xi are the classical expressions of (2.4) 
or (2.5). The coordinates and momenta are then treated as classical variables 
satisfying the Poisson bracket relations 

{x*,p v } = 85, = (2-7) 

In [7] it was then discovered that the corresponding Lagrangians to (2.6) 
(see below) are different for the choices (2.4) and (2.5) unless the model is 
embedded into a higher order theory. This ambiguity is even larger than 
what follows from (2.4) and (2.5). In fact, the most general solutions of (2.2) 
in terms of a minimal set of quadratic constraints are given by the following 
constraint variables: 

Xi = \v\ X2 = l(n-bnf-F*), 

( i(p-7r)-f, (o^O), 
X3=p-«-M, X4=< (2.8) 

I !(p-0-f, (Mo), 

where a, b, and F are arbitrary real constants (a ^ and/or b ^ 0; F^O). 
The choices (2.4) and (2.5) are the special cases a = 0, b = 1 and a = 1, b = 
in (2.8). Notice that the constraint variables in (2.8) satisfy the following 
Lie algebra in terms of the Poisson bracket (2.7) (we give only the non-zero 
expressions) : 

{X2,X4}=X3, {X3,X4> = 2xi. (2.9) 

It follows that the Hamiltonian theory defined by (2.6) is a gauge theory even 
for the general choice (2.8). Since (2.6) implies that the Hamiltonian is zero 
this theory is also reparametrization invariant. Furthermore, it is Poincare 
invariant since Xi m (2-8) are Poincare invariant (Lorentz' indices are con- 
tracted and is not involved in xd- Due to the parameter dependence in 
(2.8) we have really an infinite set of theories parametrized by a, b, and F. 

The general form (2.8) may also be understood in another way. If we 
perform the canonical transformation 

e -> af-ftTr", vr" -> c^-dn 11 , (2.10) 

where c and d are real additional constants satisfying the condition 

bc-ad=l, (2.11) 
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and then insert this transformation into (2.5) we obtain (2.8) apart from Xa- 
Instead of Xa we find 

f X4 + fX3, 

Xa=\ (2.12) 

depending on whether a or b is nonzero (c and d are arbitrary in (2.12) since 

(2.11) only determines one of the parameters c and d.) Now the Lie algebra 
of {xi} and {xi,2,3, x'a\ are identical which means that %4 m (2-8) may be 
replaced by x'a m (2-12) without altering neither the gauge structure nor the 
involved constraints. 

The constant F in (2.8) may also be set to one by means of the following 
canonical transformations: 

e^FC, Tr^i^; A 2 ^-1a 2 , A 3 ^A 3 , A 4 ^FA 4 ,(2.13) 

accompanied by the redefinition b-^F 2 b. Notice that the total Hamiltonian 
also involve the conjugate momenta to the Lagrange multipliers \. 

The Lagrangian corresponding to (2.6) for whatever choices of Xi is ob- 
tained from the Legendre transformation as usual. Here we have 

L = p-x + n-i- H. (2.14) 

In order to write the Lagrangian in configuration space (i.e. in terms of x and 
£ only) we have to eliminate p and it through their equations of motion. For 
the general constraints (2.8) the resulting Lagrangians and their equations of 
motion will then be parametrized by a, b, and F. (However, from the above 
arbitrariness in £ it is clear that there is no natural physical argument to 
view any choice of £ as a configuration space coordinate.) 

Using the general constraints (2.8) we now look for a simpler theory in 
which the Hamiltonian does not contain all four constraints as in (2.6). The 
only condition is that a Dirac constraint analysis yields the complete set of 
constraints. Obviously it suffices that H contains only the constraints X2 
and Xa since Xi — requires X3 — 0, and X3 = requires Xi — through the 
Poisson bracket relations (2.9). We consider therefore the simpler ansatz in 
which the Hamiltonian is given by (2.6) with Ai = and A 3 = aA 4 , where a is 
a real constant, and where A 2 ^ and A 4 ^ (cf [7]). (We could equivalently 
set A3 = and perform the replacement %4 - > Xi + a Xs m (2-6) (cf x'a m 

(2.12) ).) By means of the constraints (2.8) we find then through (2.14) the 
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Lagrangians (The simplest Lagrangian is (2.15) for a = 1, b — 0, a — 0, F — 
1, which also was given in [5].) 



or 




+ MO, a^O. (2.16) 

Notice that the last term in both (2.15) and (2.16) is a total derivative. Due 
to the presence of the parameters these Lagrangians are quite ambiguous. 
However, this ambiguity is removed if we eliminate £. The equations of 
motion for £ yields 

e = -^d T {^x») + ^ (2.17) 

A 2 A 4 A4 

from (2.15), and 

A 2 A4 A4 

from (2.16). Inserting (2.17) into (2.15) yields apart from terms which are 
total derivatives, 

L =^(M^)) 2 + ^A 2 + A 4 S, (2.19) 

where we also have performed the rescaling, A 2 — > A 2 /-F 2 and A 4 — > A 4 F, 
which is what remains of the transformation (2.13). The same result is 
obtained when (2.18) is inserted into (2.16). This generalizes the results of [7] 
in which we only considered (2.4) and (2.5). Notice that (2.19) represents 
a higher order theory. It is reparametrization invariant, and A4 represents 
the einbein variable. A general interpretation seems to be that £ by itself 
is an ambiguous variable and should not be used as a physical variable in a 
configuration space Lagrangian. A unique theory is only obtained after £ is 
eliminated. 



6 



3 Ambiguity in the Hamiltonian formulation 



The Lagrangian (2.19) simplifies somewhat if we make use of the inverse 
einbein variable e = 1/A 4 instead of A 4 (cf [7]). (2.19) becomes then 




The equation of motion for A 2 yields 



A 2 = ±\J(ex + ex) 2 , (3.2) 
and when this is inserted into (2.19) (choosing positive sign) we get 




which is the simplest form of the higher order Lagrangian for the infinite spin 
particle. 

In order to quantize a higher order theory like any of these, we have 
to consider a Hamiltonian formulation. The standard way to do this is to 
make use of Ostrogradski's method [14] (see also appendix B). This method 
requires us to introduce a new variable. The prescription is 

e = x". (3.4) 

(We denote the new variable ^ although it is different from the £ M used before 
for reasons explained at the end of this section.) This relation may be im- 
posed by means of a Lagrange multiplier (see appendix B). The Lagrangians 
above may therefore be written as 

L = -L (e£ + et) 2 + \ A 2 + -S + A • (x - 0, (3-5) 
2A 2 I e 

and 

L = V (^ + ^) 2 + ^5 + A • (x - 0, (3.6) 

where Ao is the Lagrange multiplier with a vector index. The theories (3.5) 
and (3.6) are now standard singular theories allowing for a Hamiltonian for- 
mulation. However, the expressions for the conjugate momenta to A and x 
are 

P(\)n = 0, = A 0At , (3.7) 
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which are primary, second class constraints which may be trivially eliminated. 
The models may therefore equivalently be written as (in agreement with 
Lanczos' treatment [15] (appendix I) ) 

L = ^-(eZ + e£) 2 + l\ 2 + -~+p-(x-0, (3.8) 

and 

L = \l{ei + eif + ±Z + p-(x-0, (3.9) 

where the Lagrange multiplier p^ is the conjugate momentum to x^. (There 
is, thus, no need to define what is conjugate to p.) Notice that any Lagrangian 
of the form 

L = A-x + i2(noAorx) (3.10) 

is equivalent to 

L = p ■ x + R(X — > p). (3.11) 



The Hamiltonian formulations of the Lagrangians (3.8) and (3.9) are now 
straight-forward. We have the conjugate momenta to £ and e given by 



u= * = ^— = -^* (3 - 12) 



and the Hamiltonians 



H = p- x + n- ^ + ue — L = 

p-e-f + ^-e 2 ), 

P-t-7- 



(3.13) 



The Lagrangian (3.8) yields the primary constraints 

A = 0, X 5 = -n-^-uoe = 0, (3.14) 

where P 2 is the conjugate momentum to A2. From (3.9) we find on the other 
hand the primary constraints 

X2 = ^(vr 2 -e 2 ) = 0, X5 = 7r-£-cue = 0. (3.15) 



Dirac's consistency conditions yield then the complete set of constraints, 
Xi = 0, where 

X5 = 7t • £ - ^e, (3.16) 

which is consistent with (2.4) for the infinite spin particle. (The Lagrangian 

(3.8) yields in addition P 2 = 0.) This theory was used as a starting point 
for the quantization in [7]. Notice that the above models are gauge theories 
since the Poisson algebra of Xi, ■ ■ ■ ,X$ satisfy a Lie algebra (see [7]). 

It is obvious from the way we have obtained the forms (3.8) and (3.9) that 
Ostrogradski's formulation is not a unique procedure to rewrite a higher order 
model as a first order one. For instance, a much simpler Lagrangian than 

(3.9) is obtained if we define the new variable by 

e = ex» (3.17) 
in (3.3). In this case the previous procedure leads to the Lagrangian 

L=\[t 2 + ^+V (*-|)> ( 3 - 18 ) 

which also is equivalent to (3.3). This Lagrangian yields the primary con- 
straints 

u = 0, X2 = i(7r 2 -1), (3.19) 

and the Hamiltonian 

if = -(p.£-S). (3.20) 

e 

Dirac's consistency conditions yield then the constraints in (2.4) with F — 1 
together with the trivial one, uo = 0. Remark: (2.4) with arbitrary F is 
obtained if we had replaced e by eF in (3.3). (F was removed by (2.13) in 
the derivation of (3.3). This we have to undo (A 4 = 1/e).) 

The Hamiltonian formulations of (3.1) and (3.3) are obviously not unique. 
In fact, even the models in the previous section may be obtained by rewriting 
the higher order models as first order ones. By means of the relation (2.17) 
for £ we may rewrite (3.1) or equivalently (2.19) as follows: (A is a Lagrange 



Xi = 2^ 2 > X2 = 

X4 = p-£--, 
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multiplier with a vector index) 

+A - (t + ±d T {±-x)- ±-±y (3.21) 
which is equivalent to (discarding total derivatives) 



A 2 , b X 2 1 , , „ 



+\f£.-^-d T (^\ ll )-i-^\ ll -±, (3.22) 

which does not contain higher derivatives. Ao may then be removed by means 
of the equations of motion for £ which yields 

K = -^(e~yf). (3.23) 

When this is inserted into (3.22), removing higher derivative terms by par- 
tial integration and then discarding the total derivatives, we end up with 
(2.15) for F — 1. Arbitrary F is then obtained by means of the inverse 
transformation to (2.13). Here we need 

e^e, A 2 ^F 2 A 2 , A 4 -^A 4 , (3.24) 

and the redefinitions b^b/F 2 , a^F 2 a. 

Likewise we may make use of (2.18) to rewrite (2.19) as follows: 

i = ^-^) , + ^ + ^ + ^-«*)-^-^))- 

(3.25) 

which is equivalent to (discarding total derivatives) 

L = 2^ - Y^ + \ x * + A4S - a^ Ao ' * - Y A ° ' & ~ Y^- 

(3.26) 

The equation of motion for £ yields here 

a x b A 4 ' 
10 



which when inserted into (3.26) yields (2.16) for F — 1 apart from terms 
which are total derivatives. Arbitrary F is obtained by the transformation 
(3.24) and the redefinitions b^b/F 2 , a—>F 2 a. 

What we have presented here (and in appendix B) is a considerable gen- 
eralization of Ostrogradki's method. It only requires the new variables to be 
defined in such a way that they together with appropriate Lagrange multipli- 
ers allow us to rewrite the original higher order Lagrangian as a Lagrangian 
with no higher order derivatives. 



4 Gauge invariance 

The gauge transformations for any specific gauge model may always be ob- 
tained by means of the inverse Noether theorem. Using the Hamiltonian 
formulation we first make a general ansatz for the general gauge generator 
as a linear expression in the first class constraints: 

G = a m Q m + Pat, (4.1) 

where $ m = are the primary constraints, and \i = the secondary and 
higher constraints with respect to the corresponding first order Lagrangian. 
a m and fa are arbitrary infinitesimal gauge parameter functions. The general 
condition is 

G\s m =o = 0, (4.2) 

where the time evolution of Xi is determined by the total Hamiltonian. The 
original Lagrangian is then invariant under the gauge transformations 

5F = {F,G}, (4.3) 

where all variables not involved in the Lagrangian are removed by their equa- 
tions of motion after calculating the Poisson bracket. 

By means of this general method it is straight-forward to construct the 
gauge transformations of the first order models (3.8), (3.9), (3.18), (2.15) and 
(2.16). In fact, this general method also determines the gauge invariances of 
the equivalent higher order models (2.19), (3.1) and (3.3) as will be shown 
in the next section. In the latter case one may start from any of the first 
order forms treated here, i.e. one may start from any of its Hamiltonian 
formulations. 
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4.1 Model (3.8) 

Here the above rules yield a general gauge generator which depends on 
two independent parameters, f3\ and (3^. The total Hamiltonian is H to t = 
H + c 2 P 2 + A 5 x 5 where H is given in (3.13). We have explicitly (A 5 = — e/e 
obtained from the equations of motion is inserted. P 2 is the conjugate mo- 
mentum to A 2 .) 

G = a 2 P 2 + fcxi + Wi) + ^fft) X2 - 

-\$iX3 + P*X4 + e(ed T (lpS^X5, (4.4) 
where x% are given in (3.16), and 

a 2 = Idjedriefc)) + d T {\ 2 fa). (4.5) 



2 

The Lagrangian (3.8) is then invariant under the gauge transformations 
5X 2 = a 2 , 5p fl = 0, 

5^ = -j^ + -(eft - e(3 4 )e + f ( f d T {e^) + ^fftV^), 
2 e A 2 \2e e z J 

5x» = ftp" + fcJ-dM") + [3 4 e, 5e = -e 2 d T (-[3 A ), (4.6) 
2A 2 e 

which are obtained from (4.3) using (4.4) and by inserting the equations of 
motion for ir. 



4.2 Model (3.9) 

With the total Hamiltonian H tot = H + \ 2 + A5X5 the general gauge gen- 
erator is 

G = jhXi + {je 9 ^ + ^ 4 ) X2 ~ 

~$iX3 + to + e (edri^p^xs, (4-7) 

where x% are given in (3.16). The Lagrangian (3.9) is therefore gauge invariant 
under (4.6) (without SX 2 ) with 



A 2 = V(e£ + e£) 2 . (4.8) 
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4.3 Model (3.18) 

For H to t = H + A2X2 + cu (cu is the conjugate momentum to e) the above 
rules yield the general gauge generator 

G = -e 2 /3 4 u + (3ixi + Qe9 T (e/3i) + \ 2 p^j X2 - + PiXi- 

(4.9) 

where \% are given by (2.4) with F — 1. This implies that the Lagrangian 
(3.18) is invariant under (A2 = \J1^ here) 

5p, = 0, 6^ = fa? + l -e(3 lP » + \ed T {efa) K ' 



5e = -e 2 /3 4 , 5x" = ^ + -6^^= + (3 4 e- (4.10) 

2 \/e 



4.4 Model (2.15) 

Both models (2.15) and (2.16) have P2 = and P 4 = as primary constraints. 
(P r is the conjugate momentum to A r .) Xj = 0, 2 = 1, 2, 3, 4, where Xi is given 
by (2.8) with a ^ 0, F = 1, and are secondary and higher constraints. The 
total Hamiltonian for both models is 

Htot = A2X2 + aA 4 x 3 + A4X4 + c 2 P 2 + c 4 P 4 , (4.11) 

where c 2 and c 4 are arbitrary. The general ansatz (4.1) yields here the gauge 
generator (fli and /3 4 are the independent gauge parameters) 

G = P2P2 + PaPa + P1X1 ~ T^PiXs + aftxa + to, (4.12) 

zA 4 

where 




(4.13) 



In the model (2.15) %4 is the first expression in (2.8). Following the rules 
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above we find therefore that the Lagrangian (2.15) is invariant under 

5X 2 = $2, 8\ 4 = $ 4 , 




where (5 2 is given by (4.13). 



4.5 Model (2.16) 

The general gauge generator is here given by (4.12) except that \a here 
is given by the last expression in (2.8). Following the rules above we find 
therefore that the Lagrangian (2.16) is invariant under 

5\ 2 = $2, 8\ 4 = $ 4: 

ab\ 4 ^ (a 2 A4 ^ 20^4) ^4 ' 6^ ^ ^ A4 ' ' 

a V A 4 b A 4 aA 4 V A 4 b ' 

where (3 2 is given by (4.13). 



5 Invariant properties of the higher order mod- 
els of the infinite spin particle 

We give here some of the properties of the equivalent higher order models 
(2.19), (3.1) and (3.3). They may be obtained from any of the treated first 
order forms which we have considered using the generalized Ostrogradski 
method as formulated at the end of section 3 or in appendix B. 



The four momentum is 



Vii = -ed T (^-d T (ex^) S j (5.1) 



for the model (3.1) or identically (2.19) (e = 1/A 4 ), and 

d T (ex ll ) 
(d T (ex)) 



d { cx ) 

p, = -ed T Y„ = j====== (5.2) 
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for the equivalent model (3.3). These expressions may be obtained from the 
general formula 



dL 



dL 



(5.3) 



P» = 



dxt* 



dx»' 



However, the expression (5.1) may also be obtained from (2.15) or (2.16) 
using the standard definition p^ = dL/dx^ 1 and then inserting the appropri- 
ate expression for £. The expressions (5.1) and (5.2) may also be obtained 
from (3.8), and (3.9), (3.18) respectively using the equations for £ and then 
inserting the appropriate expressions for £. (5.2) follows from (5.1) when one 
inserts the expression (4.8) for A2. 

The Lagrangians (3.1) and (3.3) yield the equations of motion 



from the variations of x and e respectively (p is given by (5.1) or (5.2)). 
These equations imply 



(In general these equations imply that the particle moves faster than light [7].) 

The gauge invariance of the model (3.1) or (2.19) with A4 = 1/e is ob- 
tained from any of the models (2.15), (2.16) and (3.8) by inserting the ap- 
propriate expressions for £ in the results (4.14), (4.15) and (4.6). The unique 
answer is (/3 4 has to be redefined in (4.6): f3 A — >e{3 4 ) 



p^ = 0, x-p = 0, 



(5.4) 



e 



(ex + ex) ■ p — 0, p 2 = 0. 



(5.5) 



5e = 



Sx" = 




\A2 / 2A2 



(5.6) 



Indeed, we find 



5L = d T f, / = e/3 4 L + i2(/3i), 

R(^) = iec^eftXl - Y 2 ) + X -ed T (e$ x )Y 2 - ed T (e(3\)Y ■ d T Y + 

+e 2 (3 1 Y ■ d T Y - e 2 fcY ■ d 2 Y + ^-e 2 (3i(d T Y) 2 , Y» = -Ld T (e^),(5.7) 

2 M 



for the Lagrangian (3.1) using (5.6). 



15 



The gauge invariance of the model (3.3) may be obtained from any of the 
five first order forms we have considered. The Lagrangian (3.3) is invariant 
under (fa— >efa in the gauge transformations of the models (3.8) and (3.9)) 

Sx" = -efad T Y" + -eftF + faedf, (5.8) 
5e = -e 2 fa, (5.9) 

where now is given in (5.2). ((5.9) follows also from (5.6) and (4.8).) 
Indeed, we find 

5L = d T f, f = \ed T (efa) - h 2 faY ■ d 2 T Y + efaL (5.10) 

for the Lagrangian (3.3) using (5.9). The same result is obtained by replacing 
Y^ in (5.7) by (5.2). 

The invariance which is parametrized by fa is the reparametrization in- 
variance of the actions (3.1) and (3.3). Notice that the Lagrangian for the 
standard free, massive particle, 

L = lex 2 - ^ -mV^xA , (5.11) 
2 2e \ / 

is invariant under 

Se = -e 2 fa, dx^efax" -> 5L = d T (efaL). (5.12) 



6 A new higher order particle model 

In [7] we proposed a Hamiltonian gauge theory for a spinning particle in the 
standard massless representation p 2 = and w 2 = 0. There it was called the 
extended free S = model, and we did not find any higher order Lagrangian 
model there. However, now we have arrived at the following suggestion 

L = u\J (d r (ex)) 2 — u\/ (ex) 2 , (6.1) 

where u is an additional variable to x and the inverse einbein e. This 
Lagrangian may equivalently be written as (the notation is in accordance 
with [7]) 

L = ^(dr(ex)) 2 + \\ 2 u 2 - ±-u 2 - \Uex) 2 . (6.2) 
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The equivalence between (6.1) and (6.2) restricts \2,\s,u, and u to be e.g. 
positive since only then may (6.2) yield the following equations for A 2 and 

A 2 = \J (dr(ex)) 2 , A 8 = (6.3) 

which when inserted back into (6.2) reproduces (6.1). Notice that this parti- 
cle must move faster than light (see also [7]). However, its exact properties 
we do not know. The following formal properties are anyway valid. 

The four momentum using the general formula (5.3) acquires the following 
equivalent forms from (6.1) and (6.2) 

p M = -e 2 A 8 i M - ed T (^(d T (ex^)), 

^2 

ud T (ex fM ) \ eitXfj, 



^-^7»-vF (6 - 4) 

The Lagrangians (6.1) and (6.2) yield furthermore the equations 

p M = 0, x -p = 0, (6.5) 
from the variations of x and e. The variation of u yields in addition 



d T y/(ex) 2 - ^(d T (ex)) 2 = d T Q-i^ - A 2 u = 0. 



(6.6) 



Notice that the equations in (6.5) using the expressions (6.4) imply p 2 = 0. 

6.1 First order forms 

The simplest first order forms of (6.1) and (6.2) are 

L = u^ 2 - ii^e +p-(x-k), (6.7) 

and 

L = p ' (i " \® + Jxf + \ X2u2 ~ ~ \ x * e - (6 - 8) 

The Hamiltonians from (6.7) and (6.8) are 

H = -p ■ f , H=-p-i + \ 2X 2 + A 8X 8, (6.9) 
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respectively, where 

X2 = \^-u\ Xs = \{e~Pl). (6.10) 

Model (6.7) has the primary constraints 00 = {00 is the conjugate momentum 
to e), Xi — 0) an( i Xs — 0, and the secondary and higher constraints are 

1 2 

Xl = 2 P ' X3 = -P- 7T, 

X4=P"^, X5 = T • C - (6-11) 

Model (6.8) has the primary constraints u; = 0, P2 = 0, and P 8 — 0, where 
is the conjugate momentum to e, and where P2 and Pg are the conjugate 
momenta to A 2 , and A 8 , respectively. The secondary and higher constraints 
are then (6.10) and (6.11). 

6.2 Gauge invariances 

The gauge invariances of the models (6.1) and (6.2) are obtained from the 
inverse Noether theorem as formulated in section 4 and appendix B. It suffices 
to calculate the gauge invariance of the first order form (6.8). All the other 
gauge invariances follow then directly. For (6.8) we make the following ansatz 
for the general gauge generator 

G = a w w + a 2 p2 + asPs + P1X1 + P2X2 + P3X3 + AtX4 + P5X5 + PsXs- 

(6.12) 

The condition G = leaves then only three independent parameters; fa, 
and fa. For the other parameters in the ansatz (6.12) we find 

®uj = ^e 3 A 8 /3i - e 2 fa + efa, a 2 = fa + 2\ 2 fa, 

a s = fa- 2A 8/ 9 5 , fa = ^d T (efa) + e\ 8 fa - -^-fa, 

fa = e\ 2 fa+ l -ed T {efa), fa = - l -efa. (6.13) 
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Following the rules of section 4 and appendix B we find that (6.8) is invariant 
under 

5\ 2 = a 2 , S\ s = a 8 , Se = ^e 3 A 8/ 3i - e 2 /3 4 + e/3 5 , 

5u = 77T-<9 T (e/3i) + eiif3 4 - u/3 5 - — —(3 5 , 

5p, = 0, 5e = \eP lP » + -±-3^)^ + e&J* + 

5x» = p lP » + -Ufte + (3,e, (6. 14) 

where a 2 and a% are given in (6.13). 

This results implies that (6.2) is invariant under (6.14) removing 5p^ and 
5^, and replacing 5x M by (inserting £ = ex and replacing p by the second 
equation in (6.4), since (6.2) does not involve £ and p) 

Sx" = -e 2 /3iA 8 x" - efcdr ( ^-d T (eaf) j - \e$ 1 ^-d T (ex ,i ) + e(3 4 x». 

J 2 A 2 

(6.15) 

The result (6.14) also implies that (6.7) is invariant under (6.14) with 
5\ 2 , and 5\ 8 removed, and by inserting the expressions (6.3) in the remaining 
transfer mat ions . 

Finally we find that (6.1) is invariant under the following gauge transfor- 
mations 

SxP = —e(3\{d T {uY^) + ii^j=) + e&s" + -e$ lU Y», 

y x 2 2 

1 1 • 

be = -e 2 /3 4 + e(3 5 + -e 2 u—=fii, 



Su = -ufc + eptu - eu = /3 5 + - . d T (ePi), 

^(d T (ex)) 2 2 y/(d T (ex)) 2 



(6.16) 
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where = f T ( ex ^ , i n fact, we find 



2 • 2 



5L = d T f, f = R((3 1 )+e(3 4 L+ 8 5 , 

^{d T {ex)) 2 

R{fk) = ^eV(d r ym + /We 2 ( 1 + ^) + ^JrY ^ _ 



2 V xnh 2 I 



1 o . n ( i Y ■ x\ 1 e 2 uii\/~x 2 _ . • . 1 9o , • . 
-2 e MMft ( + 7f) - 27lfPj]f a ' (eA) + 2 eU 9AeM - 

-p ie ud T (eu) - ^^^/(^(ea;)) 2 - (3\e 2 ud T ( —j==\ x ■ Y. (6.17) 
V x 2 \ v x 2 J 

7 Covariant quantizations 

That there exist infinitely many different Hamiltonian formulations for a 
given higher order Lagrangian of the infinite spin particle has severe im- 
plications for the quantization, and also for the quantization of any higher 
order model. The ambiguity in the Hamiltonian formulation should not be 
reflected in any ambiguity in the quantum theory what regards its physical 
results. Thus, firstly, in order to have a unique quantization procedure the 
quantum properties most be insensitive to the differences in the Hamiltonian 
formulations. For the infinite spin particle this requires the quantum theory 
to be independent of how the auxiliary variable is defined and introduced 
to rewrite the theory as a first order one with a Hamiltonian formulation. 
Secondly, the quantum theory is not allowed to depend on the difference in 
the gauge algebra in the various Hamiltonian formulations. 



7.1 Covariant quantization of the infinite spin particle 

In [7] we proposed a Gupta-Bleuler quantization of the constraints obtained 
from the Ostrogradski formulation of the higher order model since we did not 
find any solution to their Dirac quantization. However, apart from leaving us 
with difficulties with the interpretation due to the presence of a dynamical 
einbein variable, we see now that none of the other Hamiltonian formulations 
yield constraints that allow for such a Gupta-Bleuler procedure. This pro- 
cedure can therefore not be the right one here. Although the quantization 
problem should be analysed within the general BRST quantization we show 
below that a simple Dirac quantization has a consistent solution after all. 
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7.1.1 Covariant quantization within the Ostrogradski formulation 

The Ostrogradski formulation of the infinite spin particle model we consid- 
ered in section 3 and in [7]. The constraints are here given by (3.15) and 
(3.16). The Dirac quantization within the wave function representation is 
then given by the equations: 

Xi* = 0, i = 1,2, 3, 4, 5, (7.1) 

where Xi are the corresponding hermitian operator expressions of x%- Ex- 
plicitly we have (we prefer to consider the wave function \l/ in momentum 

space) 

p 2 ^(p,e,O = 0, (9| + e 2 )^(p,e,O = 0, p ■ d&(p, e, f) = 0, 

(p-Z-f) *0>> e ' = °> • d s ~ ed * + 1) *G>> e ' = °- ( 7 - 2 ) 

The last equation has the solution 

*(p,e,0 = ei$(p,eO. (7.3) 

In [7] we showed that there is no solution of (7.2) which may be Taylor 
expanded in £. Therefore, we propose now the following solution of the 
second to last condition in (7.2) (suggested by the treatment in [13]): 

$(p,eO = <5(ep-£-S)0(p,eO. (7-4) 
Then we try a solution in which <f>(p, e£) may be Taylor expanded in £: 

0(p,eO = $> n (p,eO, (7.5) 

n 

where n is of order n in powers of £ with coefficients which are symmetric 
tensor fields of order n. We find now (w^ = e£ M ) 

p 2 $ = <£> p 2 = <£> p 2 (j) n = =>• (j) n (p,w) = 5(p 2 )u n (p,w). 

(7.6) 

p . = =>- p ■ d w <p = <£> p • <9 W 0„ = 0, (7.7) 

where the first implication follows due to the factor S(p 2 ) in (7.6). This 
condition is equivalent to the Lorentz' conditions on the symmetric tensor 
fields. Finally we have 

d 2 w + l)$ = (d 2 w + 1^0 = 0, (7.8) 
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since 



dl[S(p-w 



~)0 



8"p 2 4> + 28'p ■ d w <j) + 8d 2 w (t> = 5d 2 w <j) (7.9) 



due to (7.6) and (7.7). The condition (7.8) is not the conventional traceless 
conditions for massless tensor fields. Instead, (7.8) couples all tensor fields 
to each others which then seems to be a typical ingredient of the continuous 
spin representation. (In [13] an explicit solution of (7.8) is given.) 

7.1.2 Covariant quantization within the framework of (3.18) 

From the first order form (3.18) we obtain a Hamiltonian formulation with 
different forms of the constraints than those from the Ostrogradski formu- 
lation. The Dirac quantization is here given by (7.1) where Xi is the corre- 
sponding hermitian operators to Xi with F — 1 in (2.4) for i — 1,2, 3, 4, and 
where %5 — where uj is the conjugate momentum to e. We have 



Obviously Xi® — are exactly the same equations which w) in (7.3) 
satisfies. Hence, the quantizations of (3.6) and (3.18) leads to the same 
results. Notice that the argument w in subsection 7.1.1 and £ here both are 
equal to ex. 

Remark: If we use (2.4) with F arbitrary in the Dirac quantization we 
get the same equation with the variable w = F£. If we set £) = F£) 
then we get instead of (7.8) 



Notice that these equations are obtained if we had replaced e by eF in the 
original action (3.3). Hence, Ft; is the same physical variable as before (ex). 
The transition to standard massless higher spin equations are formally ob- 
tained in the limit F— >0, S— >0 such that E/F^O. (It is obviously singular 
since £) = F£) for fixed function $ yields no tensor fields at all.) 

7.1.3 Covariant quantization within the framework of (2.15) and 



The quantizations of the first order forms (2.15) and (2.16) leads to Hamil- 
tonian formulations with the constraints (2.8) and u = 0. However, since we 



(7.10) 





(2.16) 
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have shown in section 2 that (2.8) is canonically equivalent to (2.4) up to 
terms that the Dirac quantization is insensitive to, we obtain here a solution 
which is unitary equivalent to the previous one $(p, w). 

7.2 Covariant quantization of the super symmetric in- 
finite spin particle model 

In section 4 of [7] we constructed a supersymmetric higher order particle 
model for Wigner's H-representation for half-odd integer spins. When for- 
mulated as a first order theory in Ostrogradski form it gives rise to a Hamil- 
tonian theory with seven constraints, namely those in (3.15) and (3.16), and 
Xe = X7 = where 

Xe=P-^, X7 = ^-^ + e9, (7.12) 

where ip^ and 9 are odd Grassmann variables satisfying the Poisson algebra 
(4.8) in [7]. No consistent Gupta-Bleuler quantization was found in [7]. Here 
we find a consistent Dirac quantization in line with the previous treatments. 
Apart from the conditions (7.1) we have then also 

X 6 ^ = 0, x 7 ^ = 0, (7.13) 

which are equivalent to 

p. 1 V = 0, (-27 • d w + p)V = 0, (7.14) 

where w = e£ and where 7 M and p are hermitian matrices satisfying the 
anticommutation relations 

[7",7"] + = 2ir, [p,p] + = -2, [p,7l+ = 0. (7.15) 

These matrices must at least be 8 x 8, which means that ^ must be an 8- 
spinor. If we choose to represent 7 M as standard 4x4 7-matrices and \l/ as 
two 4-spinors, \& = (ip 1: i/j 2 ), then (7.14) may be written as (these equations 
were also given in [13] derived in a completely different way) 

V 7^i,2 = 0, (7.16) 

-27 • d w tpi + tp 2 = 0, -27-^^2-^1=0. (7.17) 
The solution is given by (7.3), (7.4) and (7.5) where now 

«»»> = (ffi)- (7 ' 18) 
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The solution to the Dirac equation (7.16) is 

ipi,2(p,w) = $(P 2 )P-Iu h2 (p,w), (7.19) 
and assuming the Taylor expansions 

ii>!, 2 (p,w) = -^i,2^-Mw^ ■■■w^, (7.20) 



TV. 

n 



we find that (7.17) requires 

-ilfffawi-^-i ~ V^i-Mn-i = 0, (7.21) 
which is consistent with the condition (7.8). 

7.3 Covariant quantization of the spinning particle model 
of section 6 

The covariant Dirac quantization of the spinning particle model in section 
6 is given by the conditions (7.10) and (7.1) for % = 1,2,3,4,5,8, where Xi 
here are given by the corresponding hermitian operator expressions of the 
constraints in (6.10) and (6.11). We have explicitly (^ depends on e, u and 



d e m = o, p 2 ^ = o, (<9f + u 2 )^ = o, 

p-d^ = 0, p ■ & = o, 

^•0 € -«0 tt + ?)* = O, (e + d 2 u )^ = 0. (7.22) 



We find 



d P $> = 
£.^-u0 u + f)tt = O 



V = u*$(p,ut), (7.23) 



and 



and 



p.^ = $(p,w) = 5(p- w)(f)(p,w), w^ = u^, (7.24) 



(4 2 + ^)vI/ = () - [ w * + ( w . dw ) 2 -l)o(i,. t r) = {). (7.25) 
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If we set 

(f>(p, w) = e ±iV ^0(p, w), (7.26) 
then the equation (7.25) may be simplified to 

w-d w + ^)$(p,w) = 0. (7.27) 
The solution may be written as 

<t>(p,w) = ^2(w 2 r^-*<i) n {p,w), (f> n (p,w) = ^2—<f) tI1 ... IIn {p)w^ 1 ---w^. 

n n 

(7.28) 

The condition p 2 \l> = means that there is a factor 5(p 2 ) in cj) n (p,w). The 
fourth condition in (7.22) leads to Lorentz conditions: 

p ■ = S(p ■ w)p ■ d w (j)(p, w) = 
6(p-w)p-d w <j> n (p,w) = & p"V w -^(p) = 0. (7.29) 

The last condition in (7.22) yields: 

(<9| + m 2 )^ = <£> (d 2 w + l)5(p-w)(f)(p,w) = 
<£> 25'(p-w)p-d w <f)(p,w) + 5(p-w)(dl + l)<f)(p,w) =0 
& 25'(p-w)p-d w ^(p,w) + 5(p-w)d 2 J(p,w) = 0, (7.30) 

where (7.26) is inserted in the last equality. If <9 2 <p n = and p-d w c/) n (p, w) = 
would have been allowed then we would have got the standard equations for 
massless particles with higher spins. However, inserting (7.28) into (7.30) we 
find 

25' (p ■ w) J2( w2 )'^P ■ d MP, w) + 

n 

+5(p ■ w) ^(^ 2 )-§- 1 L 2 d 2 w ~n 2 + -\ UP, w) = 0, (7.31) 
which we do not know how to solve. 



7.4 Covariant quantization of the rigid particle model 
of appendix A 

The covariant Dirac quantization of the rigid particle model [21] treated 
in appendix A is given by the conditions (7.1) where Xi are the hermitian 
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operator expressions of Xi in appendix A. We have explicitly 

p • £*(p, = 0, • d ( + 2)*(p, = 0. (7.32) 
We solve these conditions step-wise as follows: 

p-£*(p,O = *(p,0 = *(P'0^(P>0- (7-33) 
The last equation in (7.32) implies then 

(£-0 € + l)*(p,O = O, (7.34) 

which has the solution 

n=0 (0 2+5 

The condition p 2 $ = implies $ Ml - Mn (p) = ^(p 2 )0mi-m»(p)- Furthermore, 
we have 

p-0^(p,O = O p-9^ n (p,0 = 0. (7.36) 

The remaining second condition in (7.32) yields finally 

df<t> n (p,0 = 0, (7.37) 

and 

a = Vn 2 - 1. (7.38) 

Conditions (7.36) and (7.37) (Lorentz condition and tracelessness) together 
with the Klein-Gordon equation are the appropriate conditions for massless 
tensor fields describing integer spins particles. The quantization condition 
(7.38) have nontrivial solutions only for n > 2. This result almost agrees 
with the noncovariant result a = n found in [21]. 
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8 Conclusions 



In this paper we have revisited the higher order model for the infinite spin 
particle proposed and treated in [7]. In section 2 we generalized the deriva- 
tion of this model. We showed that the same higher order model also follow 
from a more general class of elementary constraints than those considered 
in [7,9,10]. This class of constraints were shown to be allowed by the Poincare 
invariants p 2 = 0, and w 2 = S 2 , and to be first class constraints in Dirac's 
classification. They were also shown to follow from a canonical transforma- 
tion of the original simple constraints accompanied by a redefinition of one 
of the constraints which neither affects the constraint surface nor the gauge 
algebra. 

We have proposed a general procedure to rewrite a given higher order 
Lagrangian as a first order one involving new variables and Lagrange mul- 
tipliers. Such a first order Lagrangian has then a Hamiltonian formulation 
in the generalized Dirac sense. However, this procedure is not unique which 
means that there always exist several different Hamiltonian formulations to 
any given higher order Lagrangian, a difference that depends on how the aux- 
iliary variables are defined. Ostrogradski's Hamiltonian formulation is only 
one choice. For the infinite spin particle model the considered Hamiltonian 
formulations differ by canonical transformations together with a reshuffling 
of the constraints. Even the gauge algebra was shown to deviate. 

A consistent quantization of a higher order theory requires that the same 
physical results must follow from whatever choice of Hamiltonian one starts 
from. In this sense we have found a consistent covariant quantization of 
the infinite spin particle model in the form of a Dirac quantization. This 
quantization differs from the proposed quantization in [7]. (We have also 
quantized a supersymmetric version of the model proposed in [7].) 

We have given a general procedure to derive gauge invariances for any 
higher order model. It starts from one of the choices of Hamiltonian formu- 
lations and makes use of the inverse Noether theorem (see appendix B). For 
the infinite spin particle model we explicitly verified that the same results 
follow from all the considered Hamiltonian formulations. This method is also 
applied to the rigid particle model given in [21] in appendix A, and to a new 
higher order model for a spinning particle in the standard massless represen- 
tation, p 2 = 0, w 2 = 0. (The latter model is proposed here but its possibility 
was discussed in [7].) We have also considered the covariant quantization of 
these two models. 
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A The rigid particle 



If we put e = 1 in our infinite spin particle model (3.3) we get the Lagrangian (cf 
the rigid particle [22]) 

L = Vx^+E. (A.I) 

In [12] this Lagrangian was treated for S = and shown to be connected to 
Wigner's continuous spin representation. Another way to make this Lagrangian 
reparametrization invariant is to replace dt by V '—x 2 cIt in which case we get the 
massive rigid particle model in [22] (H leads then to a mass term). However, for 
S = it is massless. Multiplying by a constant, a, we get then in the massless 
case the reparametrization invariant Lagrangian 

L = ^Jx 2 x 2 - (x ■ x) 2 , (A.2) 

which describes a massless particle with spin [21]. In this reference it was also 
considered to be a particle moving faster than light, i.e. x 2 > 0. A first order 
Ostrogradski form of (A.2) is 



L = ^ee- a 2 + />•(•<•• -o. (A..n 



This Lagrangian implies 

dL a 



ee-eti-oy (a.4) 



by means of which we obtain the Hamiltonian 

H = p-x + ir-£-L = p-£ i . (A.5) 
The expression (A.4) gives also rise to the primary constraints 



X2 = UtT 2 -^), X5=7T-e (A.6) 



Hence, we have the total Hamiltonian 

H to t=p-t + A 2 X2 + A 5 X5- (A.7) 

Note that 



L' = p ■ x + 7T • e - H tot = — (e - A 5 2 + -irpr +P ■ (x - (A.8) 
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after inserting tt = (£ — As£)/A2 obtained from £ = {£, H tot }. The Lagrangians 
(A. 3) and (A. 8) are equivalent: Varying A2 and A5 in (A. 8) yields the equations 



^ = TV^ 2 (e-A 5 6 2 , A 5 = ^, (A.9) 



which when inserted into (A. 8) reproduces (A. 3). A Dirac consistency check of 
the primary constraints (A. 6) (x% = 0) leads now to the secondary constraints 

X3 = -p.7T, X 4=P-£, (A.10) 

and the tertiary constraint 

Xi = \p 2 - (A.H) 

(Our notation is slightly different from those in [21] since we want to emphasize 
the similarity to the previous models.) The Poisson algebra of these constraints 
agree with the algebra of the infinite spin particle obtained from the Hamiltonian 
formulation of its first order Ostrogradski form in (3.9) except for the relation 

a 2 

{X2, X3} = -Jj^yXi, (A.12) 

which is zero for the infinite spin particle. 

The gauge invariance of the original higher order Lagrangian (A. 2) may now 
be obtained by means of the general procedure in appendix B. With the ansatz 
G = fliXi for the gauge generator, we find from the condition G\ X25= o = the 
expression (also here we have two independent gauge parameters: fti and ft) 

G = ftxi + ( -^A 5 /3i + A 2 ft + \h ] X 2 ~ l$iX3 + faxi + 



/la 2 - • \ 

+ ( v -2 A2 (|2j2 /3l + A5/?4 + /?4 J X5 - (A ' 13) 

This G not only determine the gauge transformations for the first order Ostro- 
gradski form (A. 3), but also of the original higher order Lagrangian (A. 2). Within 
the Hamiltonian formulation of (A. 3) we have e.g. 

6x» = {x», G} = ftp" + \^ + ft£". (A.14) 

In order to be the gauge transformations for the Lagrangian (A. 2) we have to 
insert the equations that determine p, n, and £. We get (£ = x) 

91 H 8L W o T-r 

r)T 

nil,,. (A.15) 
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where L is given by (A. 2) and where 

= 1 =(2x^(x ■ x) 2 - x*x 2 (x ■ x) - x^x 2 x 2 ) 

{x 2 ) 2 y x 2 x 2 — (x ■ x) 2 

IP = 1 = ( x»x 2 - x»(x ■ x) ) ■ (A.16) 

x 2 \Jx 2 x 2 — (x ■ x) 2 V / 

Notice that 

x 2 ' (x 2 ) 2 ' (x 2 ) 2 2 T \x 2 

II ■ x = 0, W ■ x = k\/x 2 x 2 — (x ■ x) 2 , 

x l 



II • x = —^\Jx 2 x 2 — (x ■ x) 2 , W ■ x = 7 ' 'r) yJ x 2 x 2 — (x ■ x) 2 , 

x z (x z ) z 

{w - d T u) • w = o, (w - T n) ■ n = o. (A.17) 



This implies that the Hamiltonian constraints reduce to 

xi = \p 2 = \c?{w - d T U) 2 = I« 2 (- + (5 T n) 2 ) , 

X2 = X3 = Xa = X5 = 0. (A. 18) 

The gauge transformations obtained from (A. 14) are: 

Sx* = {x*, G} = Pkx(W - d T Yiy + ^p x aW + fax*. (A.19) 
Indeed, we find for the Lagrangian (A. 2) 

6L = 8 T f, f = af3 A L + l -a 2 m 2 + \a 2 ^Yi ■ 8 T U + l a 2 ^(-W 2 + (d T U) 2 ), 

(A.20) 

yielding the conserved quantity 

9 = l Pia2 irw + {drIl)2 ) = Glp ^ (A,21) 

where the last index means that the equations of motions has to be used to de- 
termine p, 7r and £. (G is given by (A. 13) and (A. 18) is used.) The equations of 
motion from (A. 2) is p = with p given by (A. 15). Since (A. 15) implies p ■ x = 
these two equations imply p ■ 'x = 0, p ■ x = etc, which in turns implies p 2 = 0. 
Hence, the equations of motion yield g = as it should for a gauge theory. The 
gauge transformations in the rigid particle model has also been treated in [23]. 
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B Some general properties of higher order 
theories 



Here we review some general properties of higher order theories and add some of 
our procedures in the text expressed in more general terms. For simplicity we only 
give formulas for the most simple theory. However, their generalizations (including 
field theory) are essentially straight-forward. 

Consider a general Lagrangian of order N depending on one variable q(t) and 

(N) 

time t, i.e. L(q,q,q, . . . , Q ,t). It may be an arbitrary function which yield a 
consistent set of equations of motion, i.e. we do not distinguish beween regular 
and singular Lagrangians. A general local variation 5 of L yields (Sq = dtSq etc) 



=0 Oq ' V °« 



where 



N-l , s 
a = oq p + 2 , o 9 %i 



71=1 

N-l „ 

r=0 o q 

N-n-1 dL 

n n = Yl i-^y-^Ty n = l,...,N-l. (B.2) 

r=0 Q q 

Requiring 5S (S = f Ldt the action) to depend only on the endpoints in t yields 
the Euler-Lagrange equations 

^-d t p = 0. (B.3) 

If a special variation 5 yields 

5L = d t f, (B.4) 
then there is a conserved quantity, g, given by (Noether's theorem) 

N ~ 1 (n) 

g = a- f = 8qP+^2Sqir n - f. (B.5) 



71=1 



This follows from (B.l) and (B.4). 
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In [14] Ostrogradski gave a Hamiltonian formulation of L in terms of canonical 
conjugate variables q,p and £ n ,7r n where the new variables £ n are defined by 

= n = l,...,7V-l. (B.6) 

The Hamiltonian is then 

N-l n N-2 



H = 



cf qp+Y^ 

- L = £ip + ^2 Cri+l^n + £n-1KN-1 ~ L, 
n=l J n=l 

(B.7) 



where the original Lagrangian is written as L(q, £1, . . . , £jv-i, £n-i, t), and where 
7Tjv_i = dL/d^N-i eliminates £,n~i from H and possibly generates constraints. 
Note that p and 7r n are independent variables here. This procedure is better 
formulated as a procedure to rewrite the original N th order Lagrangian as a first 
order one by means of Lagrange multipliers [15, 16] 

(N) 

L(q,q,q, q ,t) -> 

JV-l 

L(q, 6, • • • , £ N -i,iN-i,t) + Ai (a - g) + A «(^ - in-i)- (B.8) 

71=2 

The conventional Hamiltonian Dirac analysis [17] applies then to this equivalent 
first order Lagrangian. We find e.g. the following constraints (P n is the conjugate 
momentum to A n ) 

P n = 0, p = -Ai, 7r„-i = -A n , n = 2,...,JV. (B.9) 

These are primary second class constraints which may trivially be eliminated, and 
when this is done the first order Lagrangian in (B.8) becomes (cf [15]) 

N-2 
n=l 

which is a phase space form where one should not try to find the conjugates to 
p, ir n (which are q and £ n ). The Ostrogradski Hamiltonian (B.7) is now obtained 
by means of the standard Legendre transformation of this Lagrangian. In the 
case that the original higher order L is singular, one has in addition to derive the 
consistent set of constraints in the usual fashion [17]. The above procedure shows 
that there always exists a Hamiltonian formulation for any higher order theory. 
In fact, the situation is much more general than that: there always exists many 
different Hamiltonian formulations since the procedure described here suggests a 
considerable extension of Ostrogradski's construction: 
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There are infinitely many different ways to rewrite the original higher 
order Lagrangian as a first order one by means of Lagrange multipli- 
ers, simply since we may introduce new variables like £ n in infinitely 
many different ways. To each of these first order Lagrangians there 
is a Hamiltonian formulation. As a consequence there is an infinite 
number of different Hamiltonian formulations to one given higher or- 
der Lagrangian. Classically all these first order Lagrangians and their 
Hamiltonian formulations are equivalent. Our examples suggest that 
the different Hamiltonian formulations are related by canonical trans- 
formations. 

We explicitly demonstrated this property for the infinite spin particle model in the 
text. What we want to emphasize is that this property gives rise to a condition 
on the quantization: 

In the quantization of a higher order theory one may start from any 
of its first order formulations. However, this quantization must be 
performed under the restriction that it is insensitive to the differences 
in the Hamiltonian formulations. 

A considerable generalization of Ostrogradski's formulation was given in sec- 
tion 2 of [19] (see also [24]). There it was shown that one may choose the new 
variables to be a general point transformation of the Ostrogradski variables. It 
was also shown that this leads to different Hamiltonian formulations which are 
related by canonical transformations. Hamiltonian formulations related by canon- 
ical transformations we also found for the still more general formulations which 
we consider for the infinite spin particle model in the text. In [19] the different 
Hamiltonian formulations were considered formally different, since they formally 
yields the same path integral. However, since the path integral over the higher 
order Lagrangian is not well defined we consider them to be formally equivalent 
in the quantum theory. This equivalence has to be carefully investigated. 

Our results in the text also suggest that the gauge transformations for any 
gauge model, higher order or not, may always be obtained by means of the inverse 
Noether theorem formulated in terms of a Hamiltonian formulation as follows (the 
generalization to field theory is straight-forward): 

Using one Hamiltonian formulation we first make a general ansatz for 
the general gauge generator as a linear expression in the first class 
constraints: 



G = a m $ m + (3iXi 



ii 




where <3? m = are the primary first class constraints, and \i = the 
secondary and higher, first class constraints with respect to the cor- 
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responding first order Lagrangian 3 . a rn and are gauge parameters 
(arbitrary infinitesimal functions). We have then to require G to be 
conserved which amounts to the condition 

GW=o = 0, (B.12) 

where the time evolution of Xi is determined by the total Hamiltonian 
which is equal to the Hamiltonian plus a linear combination of the 
primary constraints. The original Lagrangian is then invariant under 
the gauge transformations 

5F = {F,G}, (B.13) 

where all variables not involved in the Lagrangian are removed by 
their Hamiltonian equations of motion after calculating the Poisson 
bracket. The corresponding conserved quantity, g, in the Lagrangian 
formulation is then either obtained by Noether's theorem from the 
relation (B.5) or directly from the above G in (B.ll) where all vari- 
ables not involved in the Lagrangian are removed by their Hamiltonian 
equations of motion. 

For ordinary first order gauge theories this method has been used for a long time. 
However, for higher order theories it is less known. (For previous treatments 
see [20,23]. In [20] essentially this method is used.) For higher order theories 
one obtains the same gauge transformations independent of which Hamiltonian 
formulation is used. We explicitly verified this in section 4 and 5 for the infinite 
spin particle. 
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